Direct simulations of the turbulent shear layer are performed for subsonic to supersonic Mach numbers. Fully developed turbulence is achieved with profiles of mean velocity and turbulence intensities that agree well with laboratory experiments. The thickness growth rate of the shear layer exhibits a large reduction with increasing values of the convective Mach number, M c . In agreement with previous investigations, it is found that the normalized pressure-strain term decreases with increasing M c , which leads to inhibited energy transfer from the streamwise to cross-stream fluctuations, to the reduced turbulence production observed in DNS, and, finally, to reduced turbulence levels as well as reduced growth rate of the shear layer. An analysis, based on the wave equation for pressure, with supporting DNS is performed with the result that the pressure-strain term decreases monotonically with increasing Mach number. The gradient Mach number, which is the ratio of the acoustic time scale to the flow distortion time scale, is shown explicitly by the analysis to be the key quantity that determines the reduction of the pressure-strain term in compressible shear flows. The physical explanation is that the finite speed of sound in compressible flow introduces a finite time delay in the transmission of pressure signals from one point to an adjacent point and the resultant increase in decorrelation leads to a reduction in the pressure-strain correlation.
Direct simulations of the turbulent shear layer are performed for subsonic to supersonic Mach numbers. Fully developed turbulence is achieved with profiles of mean velocity and turbulence intensities that agree well with laboratory experiments. The thickness growth rate of the shear layer exhibits a large reduction with increasing values of the convective Mach number, M c . In agreement with previous investigations, it is found that the normalized pressure-strain term decreases with increasing M c , which leads to inhibited energy transfer from the streamwise to cross-stream fluctuations, to the reduced turbulence production observed in DNS, and, finally, to reduced turbulence levels as well as reduced growth rate of the shear layer. An analysis, based on the wave equation for pressure, with supporting DNS is performed with the result that the pressure-strain term decreases monotonically with increasing Mach number. The gradient Mach number, which is the ratio of the acoustic time scale to the flow distortion time scale, is shown explicitly by the analysis to be the key quantity that determines the reduction of the pressure-strain term in compressible shear flows. The physical explanation is that the finite speed of sound in compressible flow introduces a finite time delay in the transmission of pressure signals from one point to an adjacent point and the resultant increase in decorrelation leads to a reduction in the pressure-strain correlation.
The dependence of turbulence intensities on the convective Mach number is investigated. It is found that all components decrease with increasing M c and so does the shear stress.
DNS is also used to study the effect of different free-stream densities parameterized by the density ratio, s = ρ 2 /ρ 1 , in the high-speed case. It is found that changes in the temporal growth rate of the vorticity thickness are smaller than the changes observed in momentum thickness growth rate. The momentum thickness growth rate decreases substantially with increasing departure from the reference case, s = 1. The peak value of the shear stress, uv, shows only small changes as a function of s. The dividing streamline of the shear layer is observed to move into the low-density stream. An analysis is performed to explain this shift and the consequent reduction in momentum thickness growth rate. tures has been studied by Papamoschou & Roshko (1988) , Samimy, Reeder & Elliott (1992) , Hall et al. (1993) , and Clemens & Mungal (1995) as a potential mechanism; however definitive and quantitative links to the compressibility effect have not been established.
There are additional terms, compressible dissipation and pressure-dilatation, in the turbulent kinetic energy equation which have been modelled by Zeman (1990) , Sarkar et al. (1991) , Taulbee & VanOsdol (1991) , Sarkar (1992) and Ristorcelli (1997) . It was proposed that these dilatational terms act as sinks and, for sufficiently large turbulent Mach number, could lead to reduction of the turbulence levels and thereby shear layer thickness. Reduction in turbulence levels was observed by Blaisdell, Mansour & Reynolds (1993) and Sarkar (1995) in simulations of uniformly sheared flow. However, Sarkar (1995) showed that reduced turbulent production is responsible for decreased turbulent kinetic energy and not the dilatational terms. In the shear layer, a direct relationship between the momentum thickness growth rate and the integrated turbulent production was established by Vreman, Sandham & Luo (1996) that showed that a reduction in momentum thickness growth rate is equivalent to that in the integrated production. In two-dimensional simulations of an isolated vortex in a shear layer by Papamoschou & Lele (1993) , the Reynolds shear stress associated with the fluctuating disturbance field was found to be significantly reduced. Simone, Coleman & Cambon (1997) also observed reduced production and Reynolds stress in their DNS of uniformly sheared flow. In addition, they performed an instructive analysis based on rapid distortion theory (RDT) that shows reduced production. RDT was found useful for explaining the structural change of pressure and velocity terms under compressibility. The implications of linearized theory for turbulent fluctuations in compressible flow have been further explored by Friedrich & Bertolloti (1997) .
Thus, evidence from available studies indicates that the reduction of turbulent kinetic energy in the uniform shear layer as well as the reduced thickness of the shear layer is related to decreased turbulent production. Investigation of why compressibility reduces turbulent production is the next step. In the case of the shear layer, Vreman et al. (1996) showed that the reduction in turbulent production is due to reduced pressure fluctuations via the reduction in the pressure-strain term. A pressure-strain model based on deterministic vortex structures and associated pressure extrema was also proposed. In the case of uniform shear flow, Sarkar (1996) noted reduced pressure fluctuations in cases with high gradient Mach number and stated that a change in the pressure gradient term in the momentum equations (and the pressure-strain term in the Reynolds stress equations) leads to reduced levels of turbulence. Freund, Lele & Moin (2000) confirmed the reduction in the pressure-strain term in the annular mixing layer. The transverse correlation length scale was found to decrease with increased Mach number. It was further found that the reduction in pressure variance could be parameterized with either a transverse turbulence Mach number or the gradient Mach number.
In high-speed flows, disturbances have a limited region of upstream and crossstream influence due to the finite speed of sound. It has been conjectured, for example Morkovin (1987) , that this phenomenon of reduced communication is responsible for the reduced growth rates of instability modes in compressible shear flows. The idea of reduced cross-stream communication is relevant to the sonic-eddy model of Breidenthal (1990) as well as the reduced pressure extrema in the coherent-vortex model of Vreman et al. (1996) . Papamoschou & Lele (1993) , in a two-dimensional, inviscid, temporal simulation, obtained the evolution of fluctuations associated with an Oseen vortex embedded in a hyperbolic-tangent velocity profile. At high Mach number, the pressure disturbance field was found to have reduced streamwise extent; however, unlike the assumption of the models, its extent in the cross-stream direction relative to the width of the shear layer was not noticeably affected. Evidently, the idea of reduced communication requires further investigation as does a mathematical framework for its link to the observed compressibility effects in turbulent shear flows.
Controversy exists on the effect of compressibility on the components of the Reynolds stress tensor, R ij , and associated anisotropy. Laboratory data of , Barre, Quine & Dussuage (1994) , and more recently, Chambres, Barre & Bonnet (1998) show that all measured turbulence intensities and the Reynolds shear stress decrease with increasing M c leaving the Reynolds stress anisotropy relatively unchanged. However, Goebel & Dutton (1991) find experimentally that the streamwise component, R 11 , changes little compared to the decrease in R 22 and R 12 , leading to large changes in the Reynolds stress anisotropy. It should be noted that experimental measurements of the spanwise turbulence intensity are available in only the studies of Chambres et al. (1998) and Gruber, Messersmith & Dutton (1993) . The DNS study of the plane shear layer by Vreman et al. (1996) concludes that, although the normal stress anisotropies increase with M c , the shear stress anisotropy remains relatively unaffected. Freund et al. (2000) in their DNS of the annular jet find that the normal stress anisotropies increase while the shear stress anisotropy decreases. DNS studies of uniformly sheared flow by Sarkar (1995) and Simone et al. (1997) show increased normal stress anisotropies as well as reduced shear stress anisotropy.
From the preceding discussion, it is clear that DNS studies have proved valuable in complementing experimental observations in attempts to understand the compressibility effect in turbulent shear flows. Conclusions from DNS databases are strengthened if the data are validated against available experimental results with fully developed turbulence. Direct validation of our DNS results with experimental profiles of turbulence intensity is an important objective of the present work.
In summary, although significant progress has been made in our understanding of the compressible shear layer, there remain unresolved questions. The present work addresses the following open questions. Why does the pressure-strain term decrease with increasing Mach number? What is the effect of density ratio on shear layer growth in the high-speed regime? What is the effect of compressibility on the turbulence anisotropy?
Problem formulation
2.1. Governing equations The unsteady, three-dimensional, compressible Navier-Stokes equations are solved for the temporally evolving shear layer. The energy equation is written as a pressure equation where viscosity, diffusion, thermal conductivity and the specific heat ratio are constants. The equation of state corresponding to an ideal gas is assumed. Introducing the scales L o , o , p o and U o , new non-dimensional variables are obtained where all dimensional variables are represented with script fonts
giving the following non-dimensional conservation equations:
Compressibility effects in the turbulent shear layer 5) where the dimensionless numbers are defined in the usual way,
Furthermore, the reference quantities are chosen such that γM 2 = 1 leading to
Numerical scheme
The transport equations are integrated using a sixth order of accuracy compact Padé scheme in space as described by Lele (1992) . The time advancement is performed with a fourth order of accuracy low-storage Runge-Kutta scheme as described by Williamson (1980) . Periodic boundary conditions in the x 1 -and x 3 -directions are used and 'non-reflective' boundary conditions as studied by Thompson (1987) are imposed in the x 2 -direction. A uniform grid is used. In order to avoid spurious numerical instabilities generated by aliasing errors in the nonlinear convective terms, the flow variables are filtered using a compact filter described by equation C.2.4 of Lele (1992) . Sufficient resolution is used and the filter coefficient chosen as discussed by Lele (1992) to significantly affect only the highest wavenumbers. The choice of the frequency at which the filter is applied as well as the validation of the simulations is discussed in Appendix A.
Initial conditions
The flow is initialized to a hyperbolic tangent profile for the mean streamwise velocity, u 1 (x 2 ), while all other mean velocity components are set to zero. Thus,
The upper stream has a velocity, −∆u/2, and the lower stream has a velocity, ∆u/2, as shown in figure 1. The mean pressure is set to a uniform value p o . The density in the upper stream ρ 1 , and that in the lower stream ρ 2 , are specified. The convective Mach number introduced by Bogdanoff (1993) and further studied by Papamoschou & Roshko (1988) is defined in the case of two streams with the same specific heat ratio γ, by
where c 1 and c 2 are the speeds of sound of each stream. In addition to these mean values, broadband fluctuations are used to accelerate the transition to turbulence. This is achieved by generating a random field on which is imposed an isotropic turbulence spectrum of the form
8) where k is the wavenumber and k o is the peak wavenumber. In the present simulations k o is imposed so as to have 48 peak wavelengths within the streamwise direction for simulations A3 and A11 and half that value in the remaining cases. The initial turbulence intensity is set to 10%. The extent of the turbulence is limited in the cross-stream direction by an exponential decay over a thickness equal to the initial shear layer thickness. Solenoidality is imposed on this random turbulent field. Such quasi-incompressible fluctuations minimize compressibility transients as shown by Erlebacher et al. (1990) . The pressure fluctuations are obtained from the Poisson equation for incompressible flow and the density from the isentropic equation of state.
Simulation parameters
Two series of simulations are conducted. The parameters of series A are chosen to analyse the effects of M c (compressibility) and those of series B to analyse the effect of variable density for a fixed M c = 0.7 case. The density ratio is defined as
The average density, ρ o = (ρ 1 + ρ 2 )/2 = 1.0, is fixed in all the simulations. In series A, the mean density is uniform, while, in series B, the mean density profile is given bȳ
The non-dimensional parameters in the governing equations are Re = 800 and Compressibility effects in the turbulent shear layer P r = 0.7 while γ = 1.4. The computational domain is given in table 1, where the physical domain is measured in terms of the initial shear layer momentum thickness δ θ (0). Such large domains are required to allow evolution to the self-similar state.
The initial momentum thickness Reynolds number is Re θ = 160 while the Reynolds number based on vorticity thickness has an initial value of Re ω = 640. Table 2 gives final values of key non-dimensional parameters. The Reynolds numbers are large enough for turbulent flow. The integral length scales, l x and l z , are sufficiently small compared to the dimensions of the computational box to have good large-scale resolution and the grid size is sufficiently small to resolve the small scales. In our case the integral scales are given by
where e i is the unitary vector in the i-direction. The microscale Reynolds number evaluated at the centreline is defined as
where q 2 is twice the turbulent kinetic energy. It is important to validate the numerics. Sections A.1-A.3 of the Appendix describe the following validation issues with respect to our DNS: accuracy of large-scale representation in a finite domain, accuracy of small-scale representation by the chosen grid cell size, and the impact of the numerical filter on the results. The overall conclusion is that the simulations are well-resolved.
Characteristics of the shear layer
The approach of the turbulent shear layer towards a state where the mean and r.m.s. velocity profiles evolve self-similarly, after an initial transient, has been observed in many studies. Experimental studies of the evolution to self-similarity of the incompressible case include those by Bell & Mehta (1990) and Spencer & Jones (1971) , which are used to validate the current DNS. Among the previous DNS studies of the incompressible shear layer, that by Rogers & Moser (1994) contains a detailed analysis of the turbulent kinetic energy budget in the self-similar shear layer and was therefore also chosen to validate our low-Mach-number case (their simulation labelled TBL was used for comparison). Experimental results on the compressible shear layer have been obtained by Papamoschou & Roshko (1988) , , Barre et al. (1994) , Chamberes et al. (1998) and DNS results obtained by Vreman et al. (1996) , Freund et al. (2000) among others. These results are compared with the high-Mach-number simulations performed here.
Exact self-similarity is more difficult to achieve in DNS than in experiments because of the finite domain size achievable with current computational resources. Nevertheless, it is instructive to plot profiles using self-similar coordinates so as to quantify the approach to self-similarity, and compare with experimental data. 
Using these definitions, the following system of equations is obtained:
In the mean energy equation 6) where the turbulent production, dissipation, transport, pressure-strain and mass flux coupling terms are, respectively
The following transport equation for the turbulent kinetic energy, K = R kk /2, is obtained from (3.6) by contracting the indices:
All averaged quantities are functions of time t and the transverse coordinate x 2 only, allowing some simplifications to be introduced later.
3.2. Self-similar equations In order to obtain a set of equations representing the self-similar state, a measure of the shear layer thickness is introduced. The momentum thickness, δ θ , is defined by
(3.8)
After differentiating (3.8) with respect to time and using the averaged momentum equation, the following expression for the non-dimensional growth rate of the momentum thickness is obtained, as shown by Vreman et al. (1996) :
The mean viscous effects can be neglected for developed shear layers, see (3.18), and consequently, the shear layer growth rate can be expressed aṡ
At this point the self-similar coordinate η, defined by η = x 2 /δ θ (t), can be introduced and derivatives with respect to x 2 and t can be calculated. Introduction of new self-similar functions along with the self-similar coordinate requires paying special attention to the order of magnitude of the different terms in the respective conservation equations. A specified dependence on velocity difference, mean density and growth rate is chosen for the assumed functions; this dependence will be validated against DNS results in the analysis. All functions depend on the convective Mach number M c and s, the density ratio; for example,ρ(η) in (3.11) below denotesρ(η; M c , s). However, for simplicity, this dependence is not shown explicitly. Thus,
(3.14) It has been assumed thatũ 2 and R 12 depend on the non-dimensional temporal growth rate of the momentum thicknessδ θ . The governing equations suggest such a dependence, as will become clear shortly. Introducing the functions defined in (3.11)-(3.13) into the mass conservation equation, (3.3), gives
The choice n = 1, makes (3.15) independent of the growth rate, giving the self-similar equation
Similarly, the streamwise momentum equation is transformed to
For a turbulent shear layer, it is clear that the Reynolds stress R 12 must be of the same order as the convective terms, giving m = 1. The Reynolds number based on the momentum thickness can be defined as Re θ = ρ o Re∆uδ θ . An order of magnitude estimate of the mean viscous terms can be now obtained. The mean velocity derivative in the last term of (3.17) can be estimated using dū 1 /dx 2 ∆u/δ ω , where the vorticity thickness is δ ω = ∆u/(∂ū 1 /∂x 2 ) max . The vorticity thickness can be related to the momentum thickness by δ ω = D ω δ θ . The value of D ω for the turbulent mixing layer is dependent on M c and s, and can be calculated from the DNS database, giving a nominal value of D ω ≈ 5.0 in the low-speed case. From the DNS results it is observed that D ω increases with M c . Since the self-similar region of the turbulent shear layer requires that the viscous term, which has a dependence on δ θ , be negligible in comparison with the Reynolds stress term, the following condition is required:
D ω Re θδθ 1, (3.18) giving the simplified self-similar momentum equation
In summary, (3.16) and (3.19) are the self-similar forms of the mean mass and momentum conservation equations, respectively. 3.3. The baseline incompressible shear layer The purpose of this section is to validate our computational model by comparing our results with experimental and DNS data obtained by other researchers. Unfortunately, experimental data are limited in most cases to mean and r.m.s. velocity measurements. It would be of great interest to compare experimental values of all the terms in the turbulent kinetic energy budget. Accurate measurements of all these terms are rare in the literature, mainly due to intrinsic difficulties in measurements of turbulent dissipation at high Reynolds numbers. Instead, the DNS results of Rogers & Moser (1994) are used for validating the balance of turbulent kinetic energy. Case A3 was chosen as reference for the incompressible comparisons since M c = 0.3 is sufficiently small for compressibility effects to be considered negligible. It will be seen in the next section that this case is, for all purposes, quasi-incompressible.
It is generally accepted that, after an initial transient, the shear layer grows linearly. Figure 2 shows the momentum thickness evolution for simulations A3, A7 and A11. For comparison, a linear regression is also plotted. It can be observed that approximate linear growth is achieved. The normalized time is defined as
The growth rate for the quasi-incompressible case is calculated from the DNS to bė δ θ = 0.0184. The growth rate of a spatially evolving shear layer is often expressed as 20) where the constant C δ 0.16. The corresponding growth rate of a temporally evolving shear layer, assuming a convective velocity (U 1 + U 2 )/2, iṡ (3.21) with which the DNS result is in good agreement. The condition in (3.18) is also calculated in order to evaluate the importance of the mean viscous term, and it is found that D ω Re θδθ > 80 during the late-time evolution, τ > 261. dissipation as a function of time. Both quantities increase from a low initial value during a transient period, reach a maximum, and eventually decay to their self-similar values. Beyond τ = 261, the variation in the profiles is smaller, showing an approach towards self-similarity. The DNS results are compared with experimental results obtained by Bell & Mehta (1990) and Spencer & Jones (1971) for incompressible shear layers. In order to perform the comparisons, an ensemble average is extracted from the profiles plotted in self-similar coordinates. This average is obtained from profiles in the time interval, 261 < τ < 518. Figure 4 compares different experimental measurements with the ensemble average of the DNS profiles of the streamwise velocity. Good agreement is obtained. Cross-stream profiles of velocity intensities are compared against experiments in figures 5(a), 5(b) and 5(c). The peak turbulence intensities in the DNS are: streamwise, √ R 11 /∆u = 0.17, transverse, √ R 22 /∆u = 0.134, and spanwise, √ R 33 /∆u = 0.145. The peak intensities and the self-similar shape agree well with both experiments and the previous DNS by Rogers & Moser (1994) . It can be seen that the fluctuations are strongly three-dimensional with streamwise > spanwise > transverse intensity. Present results on the turbulence profiles differ little from those reported by Rogers & Moser (1994) , where a different type of broadband initial fluctuations was used. Those simulations were initialized with imposed fluctuations from boundary layer turbulence obtained from previous DNS, while the current DNS has quasi-random initial fluctuations. It should be noted that self-similar turbulence profiles were achieved by τ = 100 in the simulations of Rogers & Moser (1994) . suggesting that the initial assumption of ∆u 2δ θ for normalizing the Reynolds stress to obtain O(1) quantities is correct. Comparisons of production, dissipation and transport in the temporal kinetic energy budget are shown compared to the results of Rogers & Moser (1994) in figure 6. Note that the production, dissipation and transport correspond to the first, second and third terms respectively, on the righthand side of (3.7); the fourth and fifth terms are always negligible in the cases studied (M c 6 1.1). In our present simulations the level of production and transport are somewhat larger (approximately 10%) than the values observed by Rogers & Moser (1994). On the other hand, the turbulent dissipation profile agrees very well, showing that the simulation is correctly resolved.
In summary, the baseline, quasi-incompressible case with M c = 0.3 has been successfully validated against previous studies of the incompressible shear layer. Profiles of turbulence intensities which agree well with both experiments and DNS are obtained in our simulations. The balance of turbulent kinetic energy in the selfsimilar state obtained from the current DNS shows remarkably good agreement with the previous DNS of Rogers & Moser (1994) even though the initial broadband fluctuations in the two simulations have very different characteristics.
The compressible shear layer
The shear layer momentum thickness evolution with time is plotted in figure 2 for the cases A3, A7 and A11. As can be seen, linear growth rates are achieved in all cases after an initial transient. The time required to reach this linear growth state is dependent on the convective Mach number, since all other parameters in the simulations were kept constant. Shear layer thickness growth rate from different experiments is plotted along with current DNS results in figure 7 . The large reduction in growth rate that is seen in experiments is also seen in the current DNS. These DNS results closely match the so-called 'Langley Experimental Curve', obtained from a compilation of results corresponding to experiments with air-air shear layers. Differences with the results of Papamoschou & Roshko (1988) could be due to density ratio effects.
One of the differences observed in the DNS regarding the evolution of the compressible shear layer with respect to its incompressible counterpart is that the time required to achieve approximate self-similarity increases with compressibility. A possible explanation can partially be found in (3.18). The large reduction in the shear layer growth rate with compressibility is accepted and recognized as a fundamental feature of this kind of flow. Since the left-hand side of the self-similarity condition, (3.18), decreases when the shear layer thickness and thickness growth rate decrease, it is reasonable to deduce that it will require a longer time to achieve self-similarity with increasing M c . A similar effect was observed by in their experiments, who reported that a longer distance from the splitter plate tip was Figure 8(a) shows production, dissipation and transport for the A series. It can be clearly seen that production is much more affected by compressibility than dissipation. The current DNS agrees with the previous DNS of the mixing layer by Vreman et al. (1996) and Freund et al. (2000) that show decreased turbulence production with increasing M c . Figure 8(b) shows the split of the transport term into its components. The turbulent transport is generally larger in magnitude than the pressure transport. The viscous transport is not shown since it is negligible relative to the other two components. Appendix C shows the budgets for various components of the Reynolds stress tensor, R ij . The overall conclusion is that production, pressure-strain and transport terms are significantly reduced at high M c while the dissipation changes relatively little.
The dependence of the peak velocity intensities on M c is shown in figures 9(a) and 9(b). All components including that in the spanwise direction ( √ R 33 /∆U = 0.14, 0.12, 0.11 for M c = 0.3, 0.7 and 1.1, respectively) decrease with increasing Mach number in the current DNS. The dependence of Reynolds stresses on M c will be discussed further in § 5. Comparison of the turbulence profiles with experimental measurements by 
Analysis of the compressibility effect of reduced growth rate
In the previous section, it was shown that the normalized turbulent production term, P , decreases with increasing convective Mach number in the simulations. The decreased level of production is responsible for the reduction of the vorticity thickness growth rate and turbulent kinetic energy of the shear layer, in agreement with the conclusion drawn by Sarkar (1995) from DNS of uniformly sheared flow. In the case of the momentum thickness of the mixing layer, the compressibility effect of decreased growth rate must be associated with a reduced level of normalized, -0.0010 integrated turbulent production according to (3.10) as first shown by Vreman et al. (1996) . Section 4.1 confirms the earlier DNS observations of Vreman et al. (1996) , Sarkar (1996) and Freund et al. (2000) regarding the change of pressure-strain with compressibility and, following the development of Vreman et al. (1996) , links the pressure-strain term to the growth rate reduction. Section 4.2 is a new analysis that explains why the pressure-strain term decreases with increasing Mach number in turbulent shear flows. Furthermore, the analysis is used to develop a statistical model for the pressure-strain term.
4.1. The Reynolds stress balance at high speeds The transport equation for R 11 is obtained from (3.6) and is Here, the mass flux coupling term Σ 11 has been neglected since, even in the large-M c case, its magnitude is negligible. Non-dimensionalizing the dissipation term by ∆u 3 /δ θ , the pressure-strain and transport terms by ρ o ∆u 3 /δ θ on the right-hand side of the Reynolds stress transport equation and the Reynolds stress by ∆u 2δ θ , and denoting the non-dimensional functions by a caret, gives the self-similar equivalent of (4.1). The only minor difference with the earlier work of Vreman et al. (1996) is the absorption of aδ θ term in the definition ofR 11 . After integrating across the self-similar coordinate, the following equation is obtained:
Introducing the overbar to denote the density-weighted integrals in the above equation, the following equation for the growth rate,δ θ , is obtained:
whose solution isδ
Equation (4.4) forδ θ has only minor differences with respect to expressions obtained from the transport equation for R 11 by Vreman et al. (1996) and Freund et al. (2000) . Defining z =R 11 (¯ 11 −Π 11 ), (4.4) can be approximated (since z 1) bẏ
where
(4.6) Equations directly relating the thickness growth rate and the pressure-strain term were derived by Vreman et al. (1996) and Freund et al. (2000) ; (4.5) is similar to these previous relationships. Table 3 shows measured values ofδ θ ,¯ 11 −Π 11 andR 11 from which z and Q(z) can be calculated. The last column reports the calculated error when the measured values ofδ θ ,¯ 11 −Π 11 andR 11 are used in the self-similar equation, (4.3). We associate this small error to the approximate self-similar state of the flow. From the values shown in table 3, it can be seen that the term¯ 11 −Π 11 varies strongly with M c , while Q(z) is only weakly affected. The convective Mach number, M c , affects¯ 11 −Π 11 by reducing its magnitude (notice thatΠ 11 is negative) and, subsequently, the momentum thickness growth rate is reduced as a consequence of (4.5). From the DNS database it is seen that onlyΠ 11 is strongly affected by M c , suggesting that the effect of M c on the pressure-strain term is responsible for the reduction of the shear layer growth rate. The pressure strain term can only be reduced if the intensities of p or ∂u 1 /∂x 1 are reduced. From the DNS it is clear that the dominant reduction is in the r.m.s. pressure. Figure 11 shows thatΠ 11 and p rms , normalized by their incompressible values, decrease similarly.
After confirming the results of previous investigations that the compressibility effects of reduced thickness growth rate and turbulence intensities are related to decreased pressure fluctuations, we now perform an analysis to explain the observed Mach number effects on the pressure-strain.
4.2.
The pressure-strain term at high speeds In strictly incompressible flow, the instantaneous pressure has 'infinite' signal speed and satisfies a Poisson equation whose source is related to the velocity gradients. In the case of compressible flow, pressure fluctuations travel with the speed of sound, c 0 . The consequence of a 'finite' signal speed on the pressure-strain term is now studied analytically.
The evolution equation for p ,
can be derived by taking the divergence of the momentum equation, and assuming that the isentropic relationship, Dp/Dt = c 2 o Dρ/Dt, applies and viscous terms are negligible. Such assumptions are reasonable for high-Reynolds-number flows away from shocks and solid boundaries. Equation (4.7) is now specialized to the centre of the shear layer where the mean velocity is zero and ∂ũ 1 /∂x 2 = S constant. An analysis, assuming locally homogeneous turbulence in the physical domain located around the centre of the shear layer, is performed. The right-hand side of (4.7) that includes the mean shear as well as nonlinear terms is denoted by f . In Fourier space, the following equation results: 
In order to express the effect of c o , and consequently M c , on the pressure-strain, the spectral density of the pressure-strain, Ψ ij (k), is introduced. The term Ψ ij (k) and the two-point pressure-strain correlation, Π ij (r), constitute a Fourier transform pair as follows:
Note that Π ij (r = 0) is the pressure-strain correlation in the Reynolds stress transport equations and, from (4.11), is given by
The pressure-strain spectral density, Ψ ij (k), can be related to the Fourier transforms of the pressure fluctuations and the velocity fluctuations by
where V is the volume of the turbulent region being considered. Substituting (4.10) forp(t) into (4.13) gives
(4.14)
For statistically stationary turbulence (t → ∞), the term between large parentheses can be defined as a function,F ij (τ, k), and in the asymptotic limit, t → ∞, we have
In order to obtain an estimate for the effect of compressibility on the pressure-strain, we account for the temporal decorrelation typical of turbulence bŷ
where τ I is a characteristic decorrelation time. It follows that Therefore, it is possible to express the incompressible form of the spectral pressurestrain density as
so that (4.17) becomes
(4.19)
In the incompressible limit, c o → ∞, (4.19) predicts that Ψ ij (k) → Ψ I ij (k), as expected. For finite speed of sound, Ψ ij (k) always decreases with respect to Ψ I ij (k). Integrating over all wavenumber vectors, k, the following expression for the pressure-strain is obtained:
(4.20)
Thus, (4.20) is the major result of this analysis, namely, all components of the pressure-strain tensor show monotone decrease with increasing speed of sound in compressible shear flow. The assumptions of the analysis are: first, the turbulence field at the centreplane is quasi-homogeneous and, second, the two-time correlation of f and s ij exhibits decorrelation which, of course, is a typical feature of turbulent flow. The specific form of the pressure-strain decrease with increasing M c that is given by (4.20) follows from our choice of the simple model, e −τ/τ I , to represent temporal decorrelation. The consequence of other possible choices for the temporal decorrelation function is explored in Appendix B. Figure 12 shows representative plots of the two-time correlation θ 11 (0, τ), where
(4.21)
Notice that θ ij (r, τ), as defined above, andF ij (k, τ) constitute a Fourier transform pair in the same way as Π ij (r) and Ψ ij (k). It is clear that DNS supports our assumption of temporal decorrelation. Figure 11 shows DNS results regarding the integrated pressure-strain, normalized with the corresponding incompressible value, as a function of M c . TheΠ 33 component shows the same behaviour since the pressuredilatation is much smaller in these simulations, requiring as a first approximation that 
Here, the ratio of the two integrals has dimensions of length squared and, to a first approximation, can be taken to be l 2 where l is a single characteristic length scale assumed to be associated with all components of the two-point, pressure-strain correlation tensor. Thus, 
is the simplest model for the time scale that satisfies the following constraints. First, in the absence of mean shear, τ I is proportional to the turbulence time scale, l/u. Second, in the case of very large mean shear, τ I approaches the distortion time scale, 1/S. Third, in the case of flow with a given shear, the time scale can increase (decrease) with increasing turbulence fluctuations corresponding to negative (positive) α 3 . Note that although α 3 can be negative, it is constrained so that the overall sum on the right-hand side of (4.24) is positive. After substituting (4.24) into (4.23), the pressure-strain term in the low-Machnumber limit becomes ). In the case of uniformly sheared flow, the gradient Mach number was used by Sarkar (1995) as the primary determinant of reduced turbulent production and thereby reduced turbulent kinetic energy. The present analysis shows that the pressure-strain correlation must depend on M g . The specific functional form, (4.25), is a consequence of the simplest possible model, (4.24), for the characteristic decorrelation time.
The implications of (4.23) are even simpler for the mixing layer in self-similar conditions when, by definition, l/(τ I ∆U) is constant at the centreline. The constant could depend on the Mach number; however, for small values of Mach number, we assume that l/(τ I ∆U) is independent of Mach number leading to the following expression:
that describes the leading-order influence of compressibility at low Mach number. A similar analysis can be carried out to obtain the other limit where flow speeds large with respect to that of sound are considered, that is (c o τ I k) 27) where the constants K 0 and K ∞ must be calculated from data. The wave equation, (4.7), for the pressure is a useful approximation for analysis of cases with moderate Mach number and is consistent with the energy equation, (2.3), if the heat conduction and viscous dissipation terms are assumed negligible and the isentropic relation is assumed. A consequence of the isentropic relationship used to derive the wave equation is that the cross-correlation coefficient between density and pressure is unity. Figure 13 shows the pressure-density fluctuation correlation across the shear layer as a function of M c . It can be observed that pressure and density fluctuations are well correlated up to the largest convective Mach number investigated in this study. The agreement is best for the low convective Mach number case and in general at the centre of the shear layer. The largest departure from unity at the centre of the shear layer is approximately 3%. Thus, the assumption of linear dependence of pressure fluctuations on density fluctuations is well supported for the range of M c studied here.
At high Mach numbers, M c 1, the general thermodynamic relation must be used, Dp Dt = dp dρ s Dρ Dt + dp ds ρ Dt , (4.28) where the first term on the right-hand side is the 'acoustic' contribution and the second term is the 'entropy' contribution. Indeed, by taking the time derivative of (4.28) and using the divergence of the momentum equation, a modified wave equation for the pressure fluctuation results which involves entropy fluctuations and is valid for all Mach numbers. For our purpose, it is enough to estimate the contribution of the 'entropy' mode when it dominates the 'acoustic' mode. This can be done by considering the limit M c 1, when the second term on the right-hand side of (4.28) Thus, fluctuations in the pressure field are related to those in the dissipation rate, φ = τ ij u i,j , and when M c 1 the pressure and pressure-strain terms do not vanish, which is a physically consistent result.
Ds
An order of magnitude analysis of (4.29) in the shear layer (characteristic velocity, ∆u, and characteristic length, δ θ ) gives 
where α 3 is a constant. It is remarkable that the main effect of compressibility on the pressure-strain correlation in shear flows can be obtained without knowledge of the exact shape of Ψ I ij (which is quite complicated). This result is applicable to Π 11 and not to 11 , the other term that contributes to (4.5) for the growth rate. DNS results have shown that 11 does not change strongly with M c . Since Π ij progressively decreases with M c , approaching a constant value for sufficiently large M c , the term 11 − Π ∞ 11 dominates in (4.5) resulting in an asymptotic, non-zero growth rate for M c 1. So far, qualitative insights into the effect of M c on the pressure-strain term have been obtained using analysis. Now we turn to modelling the pressure-strain so as to quantitatively capture the experimentally observed influence of M c on the growth rate. The following pressure-strain model has the asymptotic behaviour of (4.26)-(4.27) that has been derived by analysis of the wave equation, and follows (4.33) at large M c when entropy fluctuations dominate:
Since the experimental data report the normalized growth rate, the pressure-strain correlation needs to be inferred by using (4.5). The data from the 'Langley Experimental Curve' are used to fit (4.34) together with a constant value for Q(z) = 1. Figure 14 shows that (4.34) is a good fit to the 'experimental' pressure-strain ratio. 
Anisotropy of the Reynolds stress
The Reynolds stress anisotropy defined by
Kδ ij 2K
( 5.1) is an important characteristic of the velocity fluctuations that is used in advanced modelling of turbulent flows. As discussed in the introduction, some studies observe only small changes in the diagonal components of b ij while other studies find increased magnitude of b 11 , b 22 , and b 33 because R 22 and R 33 decrease more than R 11 as a function of M c . Similarly, there is disagreement with respect to the effect of compressibility on b 12 . Figures 15(a) , 15(b) and 15(c) show the temporal evolution of the anisotropy tensor, obtained by integrating R ij and K along the shear layer and then using (5.1), for different M c . Two important conclusions are drawn from these figures. First, during its initial evolution, the anisotropy tensor is strongly affected by M c , whereby larger magnitudes of the diagonal components of b ij are measured for increasing M c . Table 4 illustrates this trend using the peak anisotropies during the earlytime transient. Second, after sufficiently long time, the anisotropy tensor approaches asymptotic values that are weakly dependent on M c . Table 4 also shows values from the self-similar region, where a weak increase of the normal stress anisotropies with M c is observed while the off-diagonal component b 12 remains constant. The peak values of turbulence intensities and shear stress at the centre of the shear layer can also be considered and are preferable in comparing with experimental data. Table 5 , which shows the normalized turbulence intensities, compares cases A3, A7 and A11 with experimental studies by Bell & Mehta (1990) , and Chambres et al. (1998) . The ratios R 22 /R 11 and R 12 /R 11 are measures of anisotropy, and as can be seen they do not change considerably between cases. The conclusion from these experiments and DNS is that the effect of compressibility on b ij is weak.
Previous DNS studies by Vreman et al. (1996) and Freund et al. (2000) observed increased values of normal stress anisotropy with M c . The M c = 1.2 case of Vreman et al. (1996) was conducted up to τ 1000 but started with a single pair of oblique modes while that of Freund et al. (2000) used broadband initial fluctuations but followed the evolution only up to τ 350. It is possible that the turbulence was not in a fully developed, self-similar state in these studies and the finding of increased normal stress anisotropy with M c in these studies is analogous to the increased levels seen at early time in our DNS. We also note that transitional shear flows or developing shear flows (P / larger than equilibrium values) can be expected to have values of R 11 , relative to R 22 and R 33 , which are higher than in equilibrium shear flow with self-similar turbulence statistics due to a higher relative importance of linear effects. 
Density effect on the growth rate
The aim of series B is the study of the effect of density ratio on the growth rate. In this series, two parameters have been kept constant, the convective Mach number, M c , and the average density, ρ o = (ρ 1 +ρ 2 )/2. Results corresponding to s = ρ 2 /ρ 1 = 2, 4 and 8 are shown. Note that s > 1 implies that the upper stream has the lower density. It can be shown that the average equations and boundary conditions are invariant under the change x 2 → −x 2 , u 1 → −u 1 and u 2 → −u 2 from where the invariance of the results to the change s → 1/s is immediately clear. The influence of the density ratio on temporal growth rates of the vorticity thickness, related to the mean streamwise velocity profile, as well as the momentum thickness, related to the profiles of turbulent Reynolds stress R 12 and the mean densityρ, is investigated.
From similarity arguments, Brown (1974) derived an expression for the vorticity thickness growth rate dependence on the velocity and density ratios. The growth rate in a frame moving with the convection velocity, U c , is defined by
(6.1) Brown (1974) states that, although C δ can be assumed independent of s, based on limited data available for low-speed flow, the convection velocity, U c , shifts to the velocity of the high-density stream. Therefore, the spatial growth rate is modified by unequal free-stream densities, although the temporal growth rate, C δ , is not. Brown (1974) found that the expression
matched experimental data with r = u 2 /u 1 the velocity ratio, s = ρ 2 /ρ 1 the density ratio, and subscript 1 denoting the high-speed stream. Equation (6.2) was further improved by Dimotakis (1984) by accounting for the feature of asymmetric entrainment associated with a spatially developing shear layer that cannot be captured by the temporal model. Since the current DNS corresponds to a temporally evolving flow in a reference frame mandated to move with the mean velocity (U 1 + U 2 )/2, conclusions can be drawn with respect to the effect of s on solely C δ and not U c . Table 6 gives the values of C δ for various density ratios and M c = 0.7. A decrease of C δ with increasing s is observed. The penultimate column of table 6 shows the momentum thickness growth rate normalized by its constant-density value. A large decrease ofδ θ with increasing M c is seen. The dependence of momentum thickness growth rate on s is much stronger than that of vorticity thickness growth rate.
To calculate the effect of the density ratio on the momentum thickness growth rate, the definition ofδ θ is studied, where (3.10) is now written in terms ofũ 1 ,
R 12 dũ 1 .
( 6.3)
The mean density as well as the Reynolds stress can be expressed in terms of the mean streamwise velocity. This transformation is very convenient since the shear layer centre, defined in the customary form by the dividing streamline position, is recovered directly at the pointũ 1 = 0. The self-similar coordinate of the shear layer centre can equivalently be obtained by setting the right-hand side of (3.19) to zero. Denoting the centre of the shear layer by η c , the condition to be satisfied byû 2 iŝ
Equation (6.4) implies that the dividing centreline is not at necessarily η = 0. To obtain the direction of the shift, (3.16) is integrated from −∞ to η c , imposingû 2 (−∞) = 0,
It can be seen that since s > 1 for the cases discussed here, dρ/dη < 0 for all η, implying that η c must be positive. This simple argument explains why the shear layer shifts in one direction, and also explains that the shift is a result of the variable density. Figure 16 shows the mean density and velocity profiles for s = 2, 4 and 8. The shear layer centre, (û 1 = 0 ), shifts upward to positive η. When the density ratio is changed from s to 1/s, the shear layer centre shifts downward by an equal amount to negative η according to (6.5). In summary, the shear layer centre shifts to the lower density side. In order to quantify the density effect on the momentum thickness growth rate, the functional formρ(ũ 1 ) is now obtained. At t = 0, the density and velocity profiles have the same hyperbolic tangent variation between their free-stream values. Therefore, at t = 0,ρ = ρ o (1 + 2λû 1 ), (6.6) whereû 1 =ũ 1 /∆u and λ(s) is defined by (2.11). It can be verified that λ is such that ρ = ρ 1 atū 1 = −∆u/2 andρ = ρ 2 atū 1 = ∆u/2. At later time, the dividing centreline, u 1 = 0, shifts with respect to the position of average density ρ o = (ρ 1 + ρ 2 )/2 and this shift depends on the value of s. Therefore, (6.6) is modified as follows:
(6.7)
The specified density at the free streams require that f(−1/2) = f(1/2) = 0. Furthermore, f(û 1 ) is defined as a positive quantity with a maximum value of 1. The unknown function a(s) accounts for the magnitude of the shift between the velocity and density profiles, and is calculated from the DNS database, giving a quantity of order one. Note that the preceding analysis and DNS observations show that the dividing streamline moves to the low-density side, that is,ρ(s,û 1 = 0) < ρ 0 , which implies that
for all values of density ratio, s = 1. Due to the symmetry of the equations mentioned at the beginning of the section, λ(s)a(s) = λ(1/s)a(1/s), giving a(s) = −a(1/s). The calculation of a(s) is done simply by using (6.7), where
Here,û 1,max is the value at which f(û 1 ) is maximized, i.e. f (û 1,max ) = 0 or, equivalently, using (6.7), dρ dû 1 (û 1,max ) = 2λ. (6.10) Figure 17 shows the function f(û 1 ), obtained by calculating a(s) from the DNS database and table 6 shows the measured values of a(s). The functional dependence of R 12 on the velocity profile is now obtained. Figure  18 shows self-similar profiles of R 12 at different values of s for constant convective Mach number. As can be seen, there is little change in the peak magnitude of the Reynolds stress but there is a shift to the low-density side, associated with the shift of the dividing streamline. This suggests the following functional form for R 12 : (6.11) whereδ θ,1 is the momentum thickness growth rate corresponding to the same Mach number and density ratio, s = 1. The function g(û 1 ) is shown in figure 19 for cases B2, B4 and B8. Finally (6.3) can be written in terms of the new functions, givinġ
(6.12) The integral is decomposed into three parts:
Since λ(s = 1) = 0 and, by definition,δ θ (s = 1) =δ θ,1 , the first integral on the right-hand side of (6.13) must be unity. The second integral can be neglected since it is a product of an antisymmetric function by an almost symmetric function and its value is numerically found to be negligible. From our DNS database the error induced by neglecting this second integral is bounded to approximately 0.08λ(s) for all cases. Since λ(s) is limited for 0 < s < ∞ to 0 6 |λ(s)| < 1, the error introduced by neglecting the second integral is approximately 8%. Finally, the last integral is obtained numerically to be approximately 0.5, resulting in the final expressionδ
(6.14) Table 6 shows that (6.14) is a good approximation to the observed effect of density ratio on the momentum thickness growth rate.
The following conclusions can be drawn from (6.14). First, since λ(s)a(s) > 0 according to (6.8), the momentum thickness growth rate for the temporally evolving shear layer is always reduced in the case of unequal free-stream densities. In other words, the shift of the dividing streamline to the low-density side is responsible for the decreased growth rate of the momentum thickness. Second, since λ(s)a(s) is invariant under the change s → 1/s, the momentum thickness asymptotic value is unchanged if the densities of the upper and lower streams are interchanged.
Conclusions
The shear layer between two streams with velocity and density contrasts is studied using DNS. In one series of simulations, the density ratio, s = ρ 2 /ρ 1 , is held constant while the convective Mach number, M c , is varied between subsonic and supersonic values. In another set of simulations, M c is held constant at a high value and s varied. Large computational domains, large computational grids, and broadband initial conditions ensure that the application of a high-order numerical scheme results in a simulated flow that corresponds to full-blown turbulence. The Reynolds number based on vorticity thickness is as large as 13 600. A detailed validation against experimental data is performed and profiles of turbulence intensities are found to agree well with both low and high Mach number datasets. Furthermore, a more stringent test comparing the turbulent kinetic energy budget in the quasi-incompressible M c = 0.3 case with another independent DNS study of the incompressible shear layer by Rogers & Moser (1994) is performed and good agreement is again obtained.
The compressibility effect of dramatically reduced turbulence levels and growth rate is a well-known phenomenon and is observed in the current DNS. Reduced turbulence production, rather than increased dilatational terms, appears to be directly responsible for decreased turbulent kinetic energy as first observed by Sarkar (1995) in uniformly sheared flow. Consistent with the relation between momentum thickness growth rate and integrated production established by Vreman et al. (1996) for the mixing layer and their finding using DNS, we also find that the reduced turbulence production is directly linked to the reduced growth rate of the momentum thickness. With increasing M c , the normalized pressure fluctuations and pressure-strain term are reduced as first shown by Vreman et al. (1996) in the mixing layer, thus decreasing the cross-stream intensity v 2 , thereby the Reynolds shear stress uv, and finally the turbulent production term.
Reduction of normalized pressure fluctuations, concomitant reduction of intercomponent energy transfer, and suppression of turbulence levels has been observed in other flows with mean shear, for example uniform shear flow by Sarkar (1996) and the annular mixing layer by Freund et al. (2000) . In non-sheared flows such as irrotational compression studied by Cambon et al. (1993) , there is a reduction of pressure fluctuations. However, in contrast to compressible shear flows, the turbulent kinetic energy increases in compressed flows due to an increase in dilatational fluctuations.
An analysis of the wave equation that governs pressure fluctuations in compressible flow is performed in order to explain the behaviour of the pressure-strain term. A monotone decrease of the pressure-strain correlation with increasing compressibility is predicted by the analysis. Furthermore, the asymptotic behaviour at small and large Mach numbers is obtained. The gradient Mach number, M g = Sl/c, and the turbulent Mach number, M t = u/c appear as the principal determinants of compressibility and, in the case of the self-similar shear layer, both can be related to the convective Mach number M c . DNS also shows that the pressure-strain correlation exhibits monotone decrease when M c increases. The parameter M g was identified by Sarkar (1995) to be useful in discriminating between different flows with the same Mach number, for example between strong compressibility effects when ∆U/c = 1.0 in the shear layer and their lack in the M ∞ = 1.0 boundary layer.
Based on our analysis and DNS, the following physical reason for the reduction in the pressure-strain term can be identified. The finite speed of sound in compressible flow causes a time delay, l/c, in the passage of pressure signals across a characteristic eddy length l and, thus, causes decorrelation between adjacent points in an 'eddy'. The ratio of acoustic time delay, l/c, to a characteristic flow time (1/S or l/∆U) increases with Mach number (M g = Sl/c or M c = ∆U/2c) and, as clearly shown by the analysis, the resultant increase in decorrelation inhibits the pressure-strain term. As discussed in the introduction, reduced communication between disturbances in high-speed flows has been advanced as a possible physical reason for the stabilizing effect of compressibility. The analysis of the wave equation performed here may be viewed as a mathematical corroboration of how, with increasing speed of sound, the acoustic time delay is effective in reducing the inter-component energy transfer necessary to maintain turbulence in a shear flow.
When the density ratio is varied in the high-speed regime, M c = 0.7, it is found that the momentum thickness growth rate decreases substantially as a function of s. The change of vorticity thickness growth rate with s is smaller. With increasing values of s, the maximum shear stress uv decreases somewhat; however, the main effect of variable density is that the location of peak shear stress shifts to the low-density side causing a substantial reduction in the momentum transport, ρuv. The shift of the location of maximum shear stress or, equivalently, the dividing streamline is a consequence of mean momentum conservation. An analytical expression relating the shift to the momentum thickness growth rate is also derived. The variation of turbulence intensities and shear stress with M c is examined. Our finding that, in the self-similar state, all components of the turbulence decrease with Mach number with only a weak effect on the anisotropy is in agreement with the experiments of Samimmy & and the more recent data of Chambres et al. (1998) . It should be noted that some experimental and DNS investigations report a substantially larger reduction in the cross-stream component v 2 compared to u 2 . We find a similar situation during the early developing stage of the shear layer but not, later in the DNS, when the flow field is close to its final self-similar state.
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Appendix A. Validation of the simulations
In order to check the accuracy of the results, two-point correlations, spectra and the turbulent kinetic energy balance were investigated. Several additional simulations were also performed to explicitly investigate the effects of domain size, resolution and filter characteristics. All simulations were performed at the same Reynolds number, Re = 800. Table 7 shows the grid sizes and computational domain lengths corresponding to the additional simulations.
The additional simulations labelled AS3 and AS11 were performed on a domain of streamwise length half that of cases A3 and A11 presented in the paper. The results show that even with this smaller domain size the results are acceptable. Simulation AA3 was performed to study the effect of finer resolution (50% better resolution in each direction).
A.1. Domain size effect The evolution of momentum thickness with time is shown in figure 20 for different cases. As can be seen, there are only minor differences between the results of the smaller domain simulations and the larger domain simulations. Even for the large-M c case the differences are small. Figure 21 (a-e) shows the correlations for simulations A3, AS3, A11, AS11 and A7, respectively. In order to eliminate contamination of the results by finite domain size, the correlation should be small for large r/δ θ . It can be verified that this condition is met for all cases and especially for A3 and A11 which have twice the streamwise domain length relative to the other cases.
We conclude from these results that simulation A7 that was performed in a smaller domain than A3 and A11 is of acceptable quality since little effect on growth evolution is observed between simulations with smaller and larger streamwise domain sizes even though the two-point correlations do not exhibit complete decay to zero decorrelation within the computational domain. A.2. Resolution Comparison of the results of Rogers & Moser (1994) and ours in figure 6 is very good for the turbulent production and dissipation terms. Only some differences are observed, away from the centre of the shear layer, for the transport term. Figure 22 shows all the terms in the turbulent kinetic energy budget for simulation A3. The normalized budget of turbulent kinetic energy can be written aŝ
where K = ∆u 2K . All the terms are shown including the remainder, e, in (A 1). In general the physical origin of a non-zero e can be related to a lack of resolution, a lack of measurement points to obtain converged statistics, and deviations from a perfectly self-similar state. It is clear from figure 22 that the remainder, e is small. Figure 25 (b) shows that the dissipation spectrum is well-captured by the grid resolution.
From the above results, it could be concluded that resolution is acceptable. Nevertheless, simulation AA3 was performed with a grid that is 1.5 times finer in each direction to directly ascertain the effect of increased grid resolution. The turbulent field was initialized from the flow field of simulation AS3 at a non-dimensional time of 250, roughly 65% of the total time of simulation AS3, and allowed to evolve from that point up to approximately the same final time. Figure 23 shows the evolution of turbulent kinetic energy with time at the centreplane for simulations AS3 and AA3. As can be seen, the agreement is very good, supporting the fact that the resolution is appropriate.
A.3. Numerical filter
In order to improve stability of the numerical algorithm for large times the flow variables are filtered using a compact filter. The filtering is performed every n time steps. The filter parameters are chosen to alter only the high wavenumber part of the spectrum as discussed by Lele (1992) . In the present study a fourth-order compact filter is used (C.2.4 of Lele 1992) with coefficient α = 0.49. The numerical filter step, n, is such that the dissipation introduced by the filter is minimal. In order to give a quantitative measurement of the filter effect on the flow field, we propose the following analogy: the use of the filter can be considered to be equivalent to additional numerical dissipation. The difference between the turbulent kinetic energy, k, before filtering and after filtering, k * , at the instant the filter is applied, represents the dissipation due to the filter. The energy removed by filtering is k − k * , while the energy removed by viscous dissipation is approximately n∆t , where n∆t is the time between successive filter applications. The relative importance of filtering with respect to the physical viscous dissipation is measured by the ratio
Thus, an equivalent filter dissipation can be defined by
and, to preserve the fidelity of the simulations, it is required that f / be small. Figure 24 shows different measurements of the ratio ( f / ) max as a function of n for simulations AS3 and AA3. No further improvement was observed for n > 50 and this value was used in the present study for all simulations. Notice that in cases A3, A7 and A11 the ratio f / 6% while f / 1% in the higher-resolution case AA3. There is additional support that the current filter is acceptable. The kinetic energy balance in figure 22 shows that the right-and left-hand sides of the kinetic energy equation are in balance. Furthermore, figure 6 shows that our level of turbulent dissipation is in excellent agreement with the result of Rogers & Moser (1994) even though a completely different numerical scheme was used. For these reasons, it was considered that the value of n = 50 was sufficient for the purpose of the present study.
The effect of the filter on the one-dimensional turbulent kinetic energy spectrum is shown in figure 25(a) . As can be seen from the filter transfer function, the filter affects only the larger wavenumbers. Figure 25(b) shows the dissipation spectrum, D(κ). It can be seen that the filter only affects wavenumbers that are larger than those at which D(κ) peaks.
Appendix B. Two-time-scale correlation model
Consider the integral to be evaluated in (4.15). LetF ij (τ, k) =F ij (k)R(τ) so that (4.15) becomes As can be seen, the asymptotic expansions obtained in § 4.2 are indeed general for both small and large Mach numbers. Now instead of assuming R(τ) = e −τ/τ I we consider the more general case where a viscous time scale, τ ν , applies for small τ. We will assume high-Reynolds-number turbulence such that, with Kolmogorov scaling, τ ν is determined by and ν, giving τ ν /τ I = Re −1/2 t . Thus (τ ν /τ I ) is a small parameter. 
